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The k-dependent electronic momentum relaxation rate due to Umklapp scattering from antiferro-
magnetic spin fluctuations is studied within a renormalized mean-field approach to an extended
t − J model appropriate to YBa2Cu3O7−x and other cuprates. Transport coefficients are calcu-
lated in a relaxation time approximation. We compare these results with those obtained with the
phenomenological assumption that all scattering processes dissipate momentum. We show that the
latter, which violates momentum conservation, leads to quite different magnitudes and temperature
dependences of resistivities and Hall coefficients.
PACS numbers: 72.10.-d,74.25.Fy,74.72.-h
Copper-Oxide superconductors show a systematic evo-
lution from strong to weaker antiferromagnetic (AFM)
spin correlations as the doped hole density increases.1
It remains unclear precisely how these magnetic correla-
tions are related to the intriguing transport properties of
Copper-Oxides. Several authors2 have studied the con-
tribution of spin fluctuation scattering to the resistivity,
assuming that each scattering event dissipates electronic
momentum. However, it can be argued that cuprates are
adequately described by a single band electronic model.3
In this case, the momentum transfered to the spin fluc-
tuation stays part of the total electronic momentum and
normal scattering does not dissipate momentum; the to-
tal electronic momentum is conserved during the scatter-
ing event. Umklapp processes (involving Bragg scatter-
ing from the crystalline lattice) do not conserve total elec-
tronic momentum and are responsible for dissipation.4
The purpose of this paper is to determine whether the
distinction between normal and Umklapp scattering from
spin fluctuations is an important one for Copper-Oxides.
For definiteness, we employ the extended t−J model with
parameters appropriate to YBa2Cu3O7 used in earlier
work:5
H = −
∑
ijσ
tijc
†
iσcjσ + J
∑
〈ij〉σ
Si · Sj − µ
∑
iσ
c†iσciσ (1)
where 〈ij〉 denotes a summation over nearest neighbor
bonds. c†iσ creates an electron with spin σ on site i
only if this site is empty. J is the AFM exchange con-
stant, and the hopping integrals tij are finite for hop-
ping between the three nearest neighbor sites. In the
auxilliary boson technique the constrained electron cre-
ation operators are decoupled into fermionic spin and
bosonic charge parts. Introducing a uniform resonat-
ing valence bond (RVB) mean-field order parameter v
into the resulting model6 leads to the fermion spectrum
ǫk = −2(δt +
J
2 v)(cos kx + cos ky) − 4δt
′ cos kx cos ky −
4δt′′(cos2 kx+cos2 ky−1)−µs,7,8 where the doping δ de-
notes the density of holes and µs is the chemical potential
for fermions. While both spin and charge contribute to
transport,9 only the contribution of the spin part will
be addressed here. Several authors have argued that the
charge (boson) part could be expected to dominate trans-
port properties at low doped hole density.10
Treating the spin-spin interaction in the random phase
approximation (RPA) leads to the antiferromagnetically
enhanced response,
χ+−(q, ω) =
χ+−0 (q, ω)
1 + Jqχ
+−
0 (q, ω)
(2)
with the Lindhard function χ+−0 and Jq = J(cos qx +
cos qy). A mean-field commensurate AFM instability
(Q = (π, π)) occurs at low boson densities; the paramag-
netic phase of interest here is stable at zero temperature
for δ >∼ 0.15.
8
Fermion quasiparticles are strongly scattered from spin
fluctuations, especially in the vicinity of the mean-field
AFM instability in our model, where the (π, π) response
grows large. The coupling constant between fermions and
spin fluctuations is simply Jq, which is doping indepen-
dent and large. The quasiparticle scattering rate from
k to k+ q, denoted τ˜−1(k,q), is found in the inelastic
Born approximation; this is equivalent to taking twice
the contribution of that process to the imaginary part of
the on-shell self energy:
τ˜−1(k,q) = 3h¯
2
N J
2
qImχ
+−(q, ǫk+q − ǫk) (3)
×
(
1
eβ(ǫk+q−ǫk) − 1
+
1
eβǫk+q + 1
)
.
To relate this scattering rate to a momentum relax-
ation rate τ−1(k), we assume a relaxation time picture
and express the time derivative of the total momentum as
d
dtP =
d
dt
∑
k f(k)k = −
∑
k f0(ǫk)kτ
−1(k), where f0(ǫ)
is the Fermi function. The change of the total momentum
can also be expressed in terms of the quasi-particle scat-
tering rate as ddtP =
∑
k f0(ǫk)
∑
q∆p(k,q)τ˜
−1(k,q),
where ∆p(k,q) is the change in the total momentum
due to the scattering process. Equating these two ex-
pressions gives a relation between momentum relaxation
and scattering rates,
1
0 =
1
N
∑
k
f0(ǫk)
(
kτ−1(k) +
∑
q
∆p(k,q)τ˜−1(k,q)
)
.
(4)
As Equation (4) was derived for the relaxation of the total
momentum, this also describes the relaxation of the total
current. We can deduce the relaxation rate for current
flowing in an arbitrary direction eˆ; Eq. (4) then reduces
to
τ−1(k) = −
∑
q
τ˜−1(k,q)
∆p(k,q) · eˆ
k · eˆ
, (5)
If the momentum transfered to spin fluctuations is not
considered part of the fermion momentum, then all scat-
tering events contribute to momentum relaxation. As-
suming eˆ = xˆ, ∆px(k,q) = qx for ’normal’ processes, and
∆px(k,q) = qx ± 2π for processes with |kx + qx| > π. If
the momentum transfer to spin fluctuations is part of the
fermion momentum, then only Umklapp processes dissi-
pate momentum; ∆px(k,q) = ±2π for processes with
|kx + qx| > π and ∆px(k,q) = 0 for all other processes.
Note that for the simple case of a circular Fermi sur-
face and ∆p(k,q) = q, simple symmetry arguments can
be used to reduce Equation (5) to the well-known result
τ−1(k) =
∑
q τ˜
−1(k,q)(1 − cosΘ) with the scattering
angle Θ.
Equations (2),(3), and (5) were used to compute the
scattering and momentum relaxation rates shown in Fig-
ure 1 at different points on the Fermi surface (FS). As
expected, the lifetime is found to be strongly anisotropic
around the FS, particularly in the vicinity of the AFM
instability. When only Umklapp processes contribute
(Fig. 1(b)), this anisotropy is enhanced, but the mag-
nitude of the relaxation rate is reduced by a factor of
0.2 − 0.3 relative to a calculation which assumes that
all scattering processes dissipate momentum (Fig. 1(a)).
The enhancement of the anisotropy can be easily under-
stood from the fact that electrons on certain areas of the
FS (e.g., those close to the Brillouin zone (BZ) boundary)
are more easily scattered outside the BZ. The reduction
in the relaxation rate is also expected, as only a frac-
tion of the total scattering events can lead to Umklapp
processes. The curves marked ’hot spots’ in Fig. 1 show
the momentum relaxation rate at those points on the FS
which are linked to other regions of the FS by the AFM
ordering vector Q = (π, π). If (π, π)-scattering were the
dominant scattering process at these points, we would
expect a reduction of τ−1 by a factor of 12 . Instead, we
find a reduction by a factor of roughly 0.3 at low T . This
indicates that even close to an AFM instability (i.e., in
a system with a long correlation length), spin fluctua-
tion scattering with all q contributes to the momentum
relaxation at the ’hot spots’.
Figure 2 is a normalized plot of the corresponding
transport mean free path (MFP) l = vF (k)τ(k) around
the FS. As discussed by Ong,11 the 2D Hall conductance
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FIG. 1. Temperature dependence of the momentum re-
laxation rate τ−1(k) at doping δ = 0.15, plotted for different
points k on the FS. (a) is calculated under the phenomenolog-
ical assumption that all spin fluctuation scattering dissipates
momentum, while (b) is calculated from Umklapp scattering
alone. The direction eˆ of the total momentum is assumed to
be parallel to k for each curve. The different curves are calcu-
lated at k = (0.577, pi) on the FS face; k = (1.175, 1.175) on
the FS corner; k = (0.588, 2.553) on one of the 8 ’hot spots’,
which are connected to other parts of the FS by the AFM
ordering vector Q = (pi, pi). The relaxation rate is strongly
anisotropic with different T -dependencies on different parts of
the FS. The temperature dependence is changed and the mag-
nitude suppressed by a factor of 0.2−0.3 when only Umklapp
processes are included (b).
is proportional to the area of this plot. Thus the Hall co-
efficient RH is dominated by the corners of the FS, where
the spin fluctuation scattering is weak, as discussed be-
low.
The temperature dependence of the resistivity is shown
in Figure 3. Irrespective of whether ’normal’ processes
are included, the resistivity is found to be quadratic in
T at low temperatures (T <∼ T
∗ ≈ 0.05t ≈ 300K). The
temperature dependence at high T is very different how-
ever. Normal processes are responsible for the linear re-
sistivity ρ ≈ A + BT with A > 0 shown in Figure 3(a).
The high temperature Umklapp scattering results can be
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FIG. 2. Anisotropy of the mean free path l around the FS
at δ = 0.15, T = 0.015t ≈ 90K. Each point on the curve is the
endpoint of a vector l(k) plotted from the origin, with k any-
where on the FS. The curves are normalized so that |l| = 1 on
the FS corners. We took eˆ ‖ k for the calculation of each l(k).
The solid line shows the mean free path calculated with all
scattering processes dissipating momentum; the dashed line is
calculated from Umklapp scattering alone. If only Umklapp
scattering dissipates momentum, the anisotropy is enhanced.
The Hall constant is dominated by the FS corners, where the
mean free path is long. The effect of the hot spots (the in-
cisions close to (±lx, 0) and (0,±ly), see inset) on the Hall
coefficient is negligible.
described by ρ ≈ A′ + B′T 2 (Figure 3(b)). The lat-
ter is smaller by a factor of 0.2 − 0.3 compared to the
former. It should be remembered that our model over-
estimates the magnitude of spin fluctuation scattering
in Copper-Oxides. Nevertheless, it is worth remarking
that while the magnitude of the resistivity calculated
including normal processes at δ = 0.15 is comparable
to experimental results on YBa2Cu3O7 (ρa = 2.5kΩ at
T = 275K ≈ 0.045t)12, this correspondence is certainly
lost when we restrict to Umklapp processes.
Figure 4 shows the Hall coefficient RH =
a2
ecnH
. De-
spite the single band nature of the model, RH has a
strong temperature dependence due to the anisotropy of
the scattering rate around the FS. The T -dependence can
be understood qualitatively using a simple parametriza-
tion of the momentum relaxation rate. For each point
k on the FS, we define θ as the angle between k−Q
and the x-axis, with Q = (π, π) being the center of
the hole-like FS. We parametrize the momentum relax-
ation rate τ−1(θ) in terms of its average around the FS,
τ−10 = 〈τ
−1(θ)〉FS , and the ratio of its values on the
FS corner and face, α = τ−1(π4 )/τ
−1(0), as τ−1(θ) =
τ−10 (1 +
1−α
1+α cos 4θ). Assuming a circular FS with an
isotropic Fermi velocity, this leads to the Hall coefficient
RH = R0
1+α
2
√
α
, where R0 =
2π
|e|ck2
F
is the T -independent
Hall coefficient of the isotropic model (α = 1). We have
also included the anisotropy of the FS and Fermi veloc-
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FIG. 3. Temperature dependence of the resistivity per
Cu atom at different doping levels
(δ = 0.15, 0.16, 0.18, 0.2, 0.25, 0.3, 0.4 with decreasing magni-
tude of ρ). ρ is calculated from all spin fluctuation scattering
in (a) and from Umklapp scattering alone in (b). In both
cases, we find ρ ∝ T 2 at T <∼ T
∗ ≈ 0.05t ≈ 300K. At higher
T , the resistivity in (a) is linear with a positive intercept; in
(b), we find ρ ≈ A′ + B′T 2. The magnitude of the resistiv-
ity is reduced by a factor of 0.2 − 0.3 when only Umklapp
scattering dissipates momentum.
ity through a corresponding parametrization; this gives
corrections to RH which are smaller than 3% for the
present model. Figure 5 shows the T -dependence of the
anisotropy parameter α for our model. α is found to be
independent of T for T <∼ T0 ≈ 0.03t and asymptoti-
cally approaches 1 for very large T (T ≫ 0.2t ≈ 1200K).
Between these regions, the anisotropy parameter is ap-
proximately linear in T : α ≈ α0 + CT . Observing that
RH diverges for α → 0 and approaches R0 for α → 1,
the temperature dependence of α results in an Hall coef-
ficient that is constant at low and high T , and falls off as
T−1/2 in the region of small to intermediate T . Notice
that the Hall coefficient is strongly enhanced relative to
R0 =
2π
|e|ck2
F
.
In conclusion, we have argued that the microscopic ori-
gin of the spin fluctuation spectrum determines whether
or not normal processes contribute to momentum relax-
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FIG. 4. Temperature dependence of the Hall
coefficient n−1H =
ec
a2
RH at different doping levels
(δ = 0.15, 0.2, 0.25, 0.3, 0.4 with increasing magnitude of RH
at high T in (a), and with decreasing magnitude at low T in
(b)). (a) was calculated using all spin fluctuation scattering,
(b) was calculated from Umklapp scattering alone. The tem-
perature and doping dependence and the magnitude of RH
are enhanced when only Umklapp scattering contributes (b).
ation of fermion quasi-particles. In particular, for single
band models, only Umklapp processes contribute. We
have shown that this distinction is a qualitatively signif-
icant one for Copper-Oxides. In particular, spin fluctua-
tion scattering of fermion quasi-particles is dramatically
weakened relative to a phenomenological assumption in
which normal scattering contributes to momentum re-
laxation. In our model, the resulting resistivity is signifi-
cantly smaller than observed sheet resistances of Copper-
Oxides, despite the fact that the model overestimates
the AFM spin correlations. The fermion Hall coefficient,
on the other hand, is dramatically enhanced relative to
2π
|e|ck2
F
, growing as T−1/2 at intermediate temperatures.
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FIG. 5. Temperature dependence of the anisotropy co-
efficient α = τ−1(pi
4
)/τ−1(0). α = 0 corresponds to the ex-
tremely anisotropic, α = 1 to the isotropic case. α is plotted
for δ = 0.15 and δ = 0.2, assuming that all scattering events
dissipate momentum (’Total’) or including Umklapp scatter-
ing only. The anisotropy is constant at small and very large T ,
and approximately linear in T at intermediate temperatures.
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